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This paper is concerned with guided elastic waves at a periodic array of thin coplanar cavities in a solid and
the role they play in the scattering of incident longitudinal and transverse waves in the plane perpendicular to
the cavities. It is treated as a mixed boundary-condition plane strain problem pertaining to two elastic half
spaces which are joined together within infinitely long regularly spaced strips and unattached in between. It
provides an approach to modeling wave interactions at an array of coplanar cracks, partially bonded surfaces,
mining stopes, and other analogous physical situations, and it is of relevance in the topical field of phononic
crystals. The method of analysis brought to bear on this problem involves smoothing out the discontinuities in
the boundary conditions, invoking a truncated Fourier series representation of the wave field and applying the
boundary conditions at a discrete set of points within the repeat interval at the interface to determine the
Fourier coefficients. The dispersion relation for interfacial waves is obtained, and it is shown how �in the
supersonic domain with respect to bulk transverse waves� there are branches associated with leaky interfacial
waves, which at certain isolated points in k space uncouple from the bulk wave continuum to exist as secluded
supersonic interfacial waves. These observations are able to explain striking resonant features in the scattering
of bulk waves at the interface.
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I. INTRODUCTION

This paper is concerned with guided elastic waves at a
periodic array of thin coplanar cavities in an isotropic elastic
solid and the way in which leaky supersonic branches of
these modes are featured in the scattering of bulk elastic
waves. It is framed as a mixed boundary-condition �BC�
problem1 pertaining to two half spaces sharing a planar in-
terface, where they are joined together within infinitely long
regularly spaced strips and unattached in between. In the
continuum mechanics community this is regarded as the
problem of wave scattering by a periodic array of thin copla-
nar cracks, and there is an extensive literature on it and re-
lated problems.2–15 It is, however, a paradigm for a much
broader range of physical situations giving rise to elastic
wave scattering, including solids with slightly uneven sur-
faces which are in contact, buried interdigital structures that
might be used for signal processing, and stoping in mine
operations, where a narrow seam of mineral is removed,
leaving regularly positioned pillars for roof support. In light
of the current widespread interest in phononic crystals,16,17

and in scattering from corrugated surfaces,17 it would seem
an opportune moment to revisit this problem. It provides a
somewhat different perspective from the prevailing emphasis
in these fields in that it deals not with the periodic variation
of bulk properties or surface profiles but with the periodic
variation of boundary conditions. Mixed boundary-condition
problems are considered to be particularly challenging,1 es-
pecially where there are discontinuities in the boundary
conditions,18 and in regard to their application to cracks, they
have elicited sophisticated methods for their solution.2–15 The
method of analysis brought to bear on this problem here
involves smoothing over the discontinuities in the boundary
conditions, invoking a truncated Fourier series representation
for the wave field, and applying the boundary conditions at a
discrete set of points within the repeat interval at the inter-

face to determine the Fourier coefficients. While not opti-
mally suited for establishing formal results such as, e.g., the
asymptotic form of the dynamic strain field near a crack tip,
it is conceptually simpler than hitherto adopted approaches.
It is a reliable, practical method for interpreting information
that is accessible to ultrasonic probing and is able to accu-
rately reproduce published numerical results obtained by
other more elaborate methods, including the extensive set of
transmission and reflection curves reported by Mikata,5

which were obtained by a singular integral equation ap-
proach and the use of a Chebychev polynomial expansion.
Venturing into a different terrain in the present paper, the
dispersion relation for interfacial waves �IWs� is obtained
within a one-dimensional folded Brillouin-zone scheme, and
it is shown how �in the supersonic domain with respect to
bulk transverse �T� waves� there are branches associated with
leaky interfacial waves, which at certain isolated points in
wave-vector space uncouple from the bulk wave continuum
to exist as secluded supersonic interfacial waves �SSIW�.
These observations are able to explain striking resonant fea-
tures in the scattering of bulk waves at the interface, some of
which have been noted before in the literature3,5,7 but not
explained in any depth. Light scattering,19,20 the optical
pump probe technique,21 and the laser transient grating
technique,22 which have been used for studying hybridized
guided acoustic modes at surface gratings, could provide
means for observing the interfacial modes discussed here.

II. DESCRIPTION OF MODEL AND METHOD OF
ANALYSIS

Figure 1 depicts the physical situation treated in this pa-
per. Two identical semi-infinite solids occupy the half spaces
on opposite sides of the z=0 plane. They are perfectly
bonded to each other within regularly spaced infinitely long
strips parallel to the y axis, each of width b in the x direction.
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Between the strips, within the cracks as it were, the surfaces
of the two solids are completely free. The repeat distance of
this arrangement in the x direction is D. A plane longitudinal
�L� or sagittally �SV� polarized T wave of wave vector
k= �kx ,kz� and angular frequency � is incident on the inter-
face at an angle � as shown, giving rise to scattering. This
constitutes a plane strain problem in which the displacement
field u�x ,z�exp�−i�t� is confined to the xz plane and is inde-
pendent of y. The somewhat simpler antiplane strain problem
of scattering of shear horizontal �SH� y-polarized waves,
which has been treated by a number of authors,4,11,13,14,23,24

will not be dealt with here.
The solids are of density �, and Lamé elastic constants �

and �, with their L and T acoustic slownesses �inverse phase
velocities� being given, respectively, by25

� = 1/VL = ��/�� + 2�� , �1a�

� = 1/VT = ��/� . �1b�

The ratio of the two slownesses is

�

�
=��1 − 2	�

2�1 − 	�
, �2�

where 	 is Poisson’s ratio. Most of the calculations reported
below are for the physically typical value of 	=0.3, but a
consequence of 	 being negative will be discussed. The rel-
evant components of the stress �
ij�-strain ��ij =

1
2 �

�ui

�xj
+

�uj

�xi
��

relationship that arise in the application of the boundary con-
ditions are


zz = ���zz + �xx� + 2��zz, �3a�


xz = 2��xz. �3b�

The scattered field at infinity is required to conform to the
Sommerfeld radiation conditions.1,25 At the interface the
combined incident and scattered fields is required to satisfy
the BCs of continuity of displacements and traction forces
within the joined regions, and the vanishing of traction
forces within the unattached regions.1,25 In order to obtain
dimensionally equivalent equations from these two types of
BCs, the tractions are defined here as

txz�0�� =
�

��

xz�0�� , �4a�

tzz�0�� =
�

��

zz�0�� . �4b�

The BCs can then be expressed as follows:

txz�0−� = txz�0+� , �5a�

tzz�0−� = tzz�0+� , �5b�

throughout the attached and unattached regions,

ux�0+� − ux�0−� = 0, �5c�

uz�0+� − uz�0−� = 0, �5d�

in the joined regions, and

txz�0+� = 0, �5e�

tzz�0+� = 0, �5f�

in the unattached regions. It is assumed, subject to the quali-
fying remarks below, that the wave amplitude is sufficiently
small and there is a large enough gap between the free sur-
faces that these surfaces are not brought into contact through
the wave motion. Maugin et al.10,11 treated the case of cracks
for which the surfaces are in contact but able to slip by
setting the shear stress at the interface to be proportional to
the relative displacement of the two surfaces. Variants of
such modified boundary conditions have in fact been quite
widely used over the years to model imperfect bonding be-
tween solids �see, e.g., Refs. 25–28�.

For the present problem, there are advantages to formu-
lating a unified set of position-dependent BCs that apply ev-
erywhere at the interface by combining, respectively, Eqs.
�5c� and �5e� and Eqs. �5d� and �5f� in the following way:


�x�
2

�ux�0+� − ux�0−�� − �1 − 
�x��txz�0�� = 0, �5g�


�x�
2

�uz�0+� − uz�0−�� − �1 − 
�x��tzz�0�� = 0, �5h�

where 0�
�x��1, with 
�x�=1 in the joined regions and

�x�=0 in the unattached regions. The ratio 
�x� / �1−
�x��
represents the “degree of attachment” of the two solids,
which is infinite for perfect joining and zero for total detach-
ment. By allowing 
�x� to vary continuously between 1 and
0 over a small smoothing interval separating the joined and
unattached regions, one can model, for example, a crack tip
which is somewhat diffuse in nature as a consequence of the
material being weakened by plastic deformation just in front
of the crack tip,29 and there are possibly still some interac-
tion between the cleaved surfaces just behind the crack tip.
In this way one can sidestep difficult issues concerning the
precise shape of the crack tip30 and finite wave amplitude,
for which there may be a region close to the crack tip where
the opposing surfaces periodically collide and part, giving

FIG. 1. Incidence of a homogeneous plane wave on a periodi-
cally joined interface between two identical elastic half spaces. The
surfaces of the solids are joined within strips of width b and free in
between, and the repeat distance is D.

A. G. EVERY PHYSICAL REVIEW B 78, 174104 �2008�

174104-2



rise to nonlinear effects.31,32 Likewise, where one is consid-
ering scattering by cavities of small but finite thickness at the
interface, as in the case of mine stopes,33 this provides a way
of avoiding complications associated with the detailed shape
of the edges of the cavities. This smoothing of 
�x� has
significant analytical and numerical advantages, too, of giv-
ing one the control over the convergence of the Fourier series
expansion of the wave field and avoiding unphysical singular
behavior predicted by linear elasticity at discontinuities in
boundary conditions.18 In the calculations below, 
�x� is
taken to have the form


�x� =
1

2
�Erf� x + b/2

d
� − Erf� x − b/2

d
�	 ;

− D

2
� x �

D

2
,

�6�

where Erf is the error function. This locates the joined re-
gion, of width b, in the center of the repeat interval −D /2
�x�D /2 and describes a smoothing over interval between
the joined and unattached regions of width 
2d. There does
not appear to have been any widespread use in the past of
this type of approach to smoothing out boundary-condition
discontinuities.34 In the analysis that follows, the boundary
conditions �5a�, �5b�, �5g�, and �5h� are employed in deter-
mining scattered fields and guided modes.

The physical situation being considered here has reflec-
tion symmetry through the z=0 plane, and this allows one to
treat separately the wave fields which are symmetric and
antisymmetric with respect to reflection through this plane.3

For the symmetric field, ux is the same on the two sides of
the interface and uz points in opposite directions, while for
the antisymmetric field, it is uz that is the same on the two
sides of the interface and it is ux that points in opposite
directions. An incoming plane wave from one side and its
resultant scattered field is then taken as the superposition of
symmetrically and antisymmetrically disposed pairs of in-
coming waves and their scattered fields.

A. Symmetric field

Consider a pair of symmetrically incident unit amplitude
plane homogeneous L waves of angular frequency � and
wave vectors �kx , �kz

�0�, with the minus sign pertaining to
the wave in the upper half space and the plus sign to the one
in the lower half space. The angle of incidence with respect
to the interface is given by

cos � = kx/k; k2 = �2�2 = �kx�2 + �kz
�0�2. �7�

As a consequence of the discrete rather than continuous
translational invariance of the boundary conditions in the x
direction, kx is preserved in the scattered field only to within
an integral multiple of the reciprocal lattice vector 2� /D
associated with the periodicity of the interface, and so the
scattered field is a superposition of an infinite number of
Bloch harmonics, i.e., outgoing L and sagittally polarized T
waves of the same frequency and with wave vectors
�kx

n , �kz
�n� and �kx

n , �kz
�n�, respectively, where

kx
n = kx + 2�n/D; n = 0, � 1, � 2, . . . , �8a�

kz
�n = ��2�2 − �kx

n�2, �8b�

kz
�n = ��2�2 − �kx

n�2. �8c�

The absolute magnitudes of the k’s are thereby �� for the
L partial waves and �� for the T partial waves. Depending
on the value of � and kx, some of the kz

�n and kz
�n are real,

and the remaining are imaginary. The choice of sign ��� is
dictated by the Sommerfeld conditions1,25 that in the case of
a homogeneous wave, i.e., kz real, the wave should be di-
rected away from the interface, and in the case of an inho-
mogeneous wave, i.e., kz imaginary, the wave should be eva-
nescent, i.e., fall off exponentially away from the interface.
To start with, for small �, there will be only one outgoing
homogeneous L and one outgoing homogeneous T wave in
each half space, with the rest of the partial waves being
evanescent. As � is increased, successive critical values or
thresholds are crossed, where an evanescent wave converts
to homogeneous.

The wave fields in the upper and lower half spaces for a
symmetrically incident L wave are, thus,

u =
1

��
�kx,− kz

�0�ei�kxx−kz
�0z� + �

n
�An

1

��
�kx

n,kz
�n�ei�kx

nx+kz
�nz�

+ Bn
1

��
�− kz

�n,kx
n�ei�kx

nx+kz
�nz�
 ; z � 0, �9a�

u =
1

��
�kx,kz

�0�ei�kxx+kz
�0z� + �

n
�An

1

��
�kx

n,− kz
�n�ei�kx

nx−kz
�nz�

+ Bn
1

��
�− kz

�n,− kx
n�ei�kx

nx−kz
�nz�
 ; z � 0. �9b�

There is an implicit time-dependent factor e−i�t in all the
wave expressions presented here, which is concealed for the
sake of brevity. The first terms in Eqs. �9a� and �9b� pertain
to the incident field and the summed terms to the scattered
field. The quantities 1

�� �kx
n ,kz

�n� and 1
�� �kz

�n ,kx
n�, etc., are unit

polarization vectors for the partial waves. For a symmetri-
cally incident T wave, the first terms in Eqs. �9a� and �9b� are

replaced, respectively, by 1
�� �−kz

�0 ,−kx
0�ei�kx

0x−kz
�0z� and

1
�� �−kz

�0 ,kx
0�ei�kx

0x+kz
�0z�.

A numerical solution to this problem is obtained by im-
posing a finite cutoff on the expansion, limiting n to the
range −N�n�N, where N is a suitably large integer. The
numerical results reported in this paper are for N=47, which
provides sufficient accuracy, but calculations have been car-
ried out for several different values of N ranging from 17 to
67, and it has been found that toward the higher end of this
range the slight gain in accuracy does not justify the rapid
increase in computational time. The values of the 2N+1
coefficients An, and equal number of Bn, are determined by
imposing the boundary conditions �5a�, �5b�, �5g�, and �5h�
at a discrete set of 2N+1 equally spaced points
xp= pD / �2N+1� ; p=0, �1, . . . �N in the interval
−D /2�xp�D /2. Angel and Achenbach3 started off in a
similar way with a finite Fourier series but then reduced it to
a singular integral equation, which they solved numerically.
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Digitization of boundary conditions in this way was em-
ployed by Castaings et al.35 in modeling the interaction of
Lamb waves with a crack in a plate.

As a consequence of the symmetry of the wave field un-
der reflection through the z=0 plane, tzz�0+�= tzz�0−�, and so
BC �5b� is automatically satisfied throughout the interval
without yielding any conditions on An and Bn. Next, the sym-
metry of the field implies that txz�0+�=−txz�0−�, and it follows
then from BC �5a� that txz�0+�=0. Imposing this condition on
Eq. �9a� yields

�
n

�2�An − �n0�kx
nkz

�n − Bn��2�2 − 2�kx
n�2��exp�i

2�n

D
xp�

= 0; p = 0, � 1, . . . , � N . �10�

Equation �10� can be regarded as the finite Fourier series
expansion of a function which is zero throughout the interval
−D /2�xp�D /2, and hence all the coefficients in this series,
i.e., the quantities in braces, are zero. This allows Bn to be
expressed in terms of An; thus,

Bn =
2�An − �n0�kx

nkz
�n

��2�2 − 2�kx
n�2�

. �11�

For a symmetrically incident T wave, the corresponding re-
sult is

Bn =
2Ankx

nkz
�n

��2�2 − 2�kx
n�2�

+ �n0. �12�

A further consequence of the symmetry of the wave field is
that ux�0+�=ux�0−�, which through BC �5g� again implies
txz�0+�=0, thereby not yielding any new constraint on the
coefficients. Finally, from BC �5h�, and after eliminating Bn
using Eq. �11� or �12�, one arrives at a set of 2N+1 equations
determining An,

�
n=−N

N

MpnAn = mp; p = 0, � 1, . . . , � N , �13�

where, for a symmetrically incident L wave,

Mpn = �
�xp�� kz
�n��

��2�2 − 2�kx
n�2�
 − i�1 − 
�xp��

�� ��2�2 − 2�kx
n�2�2 + 4�kx

n�2kz
�nkz

�n

��2�2 − 2�kx
n�2��2�2 



�exp�i
2�n

D
xp� , �14�

and

mp = �
�xp�� kz
�0��

��2�2 − 2�kx
0�2�
 − i�1 − 
�xp��

��4�kx
0�2kz

�0kz
�0 − ��2�2 − 2�kx

0�2�2

��2�2 − 2�kx
0�2��2�2 

 . �15�

For a symmetrically incident T wave, Mpn is the same, i.e.,
given by Eq. �14�, but mp is given by

mp = �i�1 − 
�xp���4kx
0kz

�0

�2�2 �
 . �16�

The solution of Eq. �13�,

An = �M−1�npmp, �17�

yields the amplitudes An, and substitution into Eq. �11� or
�12� then yields Bn for the symmetrical field.

B. Antisymmetric field

For an antisymmetrically incident pair of L waves, the
field in the upper half space is given, as before, by Eq. �9a�,
while the field in the lower half space is the negative of Eq.
�9b�. Again one determines the values of the 2N+1 coeffi-

cients Ãn and equal number of B̃n �a tilde has been used to
distinguish these coefficients from the previous ones� by im-
posing the boundary conditions at the same discrete set of
points.

As a consequence of the antisymmetry of the wave field
under reflection through the z=0 plane, txz�0+�= txz�0−�, and
so BC �5a� is automatically satisfied throughout the interval

without yielding any conditions on Ãn and B̃n. Next, the an-
tisymmetry of the field implies that tzz�0+�=−tzz�0−�, and it
follows then from BC �5b� that tzz�0+�=0. Imposing this con-
dition on Eq. �9a� yields

�
n

��Ãn + �n0���2�2 − 2�kx
n�2� + 2B̃nkx

nkz
�n�exp�i

2�n

D
xp�

= 0; p = 0, � 1, . . . , � N , �18�

which �as before� can be regarded as the finite Fourier series
expansion of a function which is zero throughout the inter-
val, and hence all the coefficients in this series are zero. This

allows B̃n to be expressed in terms of Ãn; thus,

B̃n = −
�Ãn + �n0���2�2 − 2�kx

n�2�
2kx

nkz
�n . �19�

For an antisymmetrically incident T wave, the corre-
sponding result is

B̃n = −
Ãn��2�2 − 2�kx

n�2�
2kx

nkz
�n − �n0. �20�

A further consequence of the antisymmetry of the field is that
uz�0+�=uz�0−�, which through BC �5h� again implies tzz�0+�
=0 �not providing any new constraint on the coefficients�.
Finally from BC �5g�, and after eliminating B̃n using Eq. �19�
or �20�, one arrives at a set of 2N+1 equations determining

Ãn,

�
n=−N

N

M̃pnÃn = m̃p; p = 0, � 1, . . . , � N , �21�

where
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M̃pn = �
�xp����

kx
n 	 − i�1 − 
�xp��

�� ��2�2 − 2�kx
n�2�2 + 4�kx

n�2kz
�nkz

�n

kx
nkz

�n�2�2 

exp�i
2�n

D
xp�

�22�

and

m̃p = �− 
�xp����

kx
0 	 + i�1 − 
�xp��

�� ��2�2 − 2�kx
0�2�2 + 4�kx

0�2kz
�0kz

�0

kx
0kz

�0�2�2 

 . �23�

For an antisymmetrically incident T wave M̃pn is the same,
i.e., given by Eq. �22�, but m̃p is given by

m̃p = �+ i�1 − 
�xp���4��2�2 − 2�kx
0�2�

�2�2 

 . �24�

The solution of Eq. �21�,

Ãn = �M̃−1�npm̃p, �25�

yields the amplitudes Ãn, and substitution into Eq. �19� or

�20� then yields B̃n for the antisymmetrical field.

III. INTERFACIAL WAVES

The matrices M and M̃ become singular under certain
conditions, leading to the existence of Stoneley-type IW, i.e.,
subsonic guided waves in the spectral range 0���k /�, and
contained within the first zone of the folded Brillouin-zone
scheme, i.e., 0�kx�� /D, which consists entirely of evanes-
cent partial-wave components that satisfy the boundary con-
ditions. These modes are conditioned on the vanishing of

det�M� or det�M̃�. In the supersonic domain, there occur near
singular features associated with pseudointerfacial waves
�PIW�. Figure 2�a� is a plot, for the symmetrical mode, of
log��det�M��� versus dimensionless frequency �̂=��D /�
near the n=0 and −1 T wave thresholds T0 and T−1, respec-
tively, and calculated for 	=0.3, b /D=0.35, and fixed value

of the reduced wave number k̂x=kxD /�=0.99, which is close
to the Brillouin-zone edge. It displays an IW singularity at
�̂=0.9676, denoted as IW�S�. The kinks at �̂=0.99 and 1.01
correspond, respectively, to the T0 and T−1 thresholds at
which these modes convert from evanescent to homogeneous
with increasing frequency.

Figure 2�b� shows a similar plot for the antisymmetrical

mode of log��det�M̃��� versus �̂ for fixed k̂x=0.85. It displays
an IW singularity at �̂=0.829, denoted as IW�A�, sharp
maxima at �̂=0.85 and 1.15 which correspond, respectively,
to the T0 and T−1 thresholds, and a sharp but nonsingular
minimum at �̂=1.117, denoted as PIW�A�, which is associ-
ated with a pseudointerfacial wave. The last mentioned is a
mode that consists predominantly of evanescent partial-wave
components but, through a weak coupling to the n=0 T bulk
wave continuum, is a leaky rather than perfect guided mode.

It features, as we will see, importantly in the scattering of
bulk waves at the interface.

Figures 2�a� and 2�b� have been calculated for N=47
and the smoothing parameter has been set at d /D=0.02,
which is small enough that 
�x� deviates significantly from
zero and unity in no more than about 5% of the interval

−D /2�x�D /2 but large enough that An, Ãn, Bn, and B̃n
have fallen to less than about 1% of their maximum values
for n approaching �N. Reducing d further has the effect of
shifting the IW and PIW very slightly upward in frequency
but without altering �in essence� their nature, and the thresh-
old features are unaffected. In the limit d→0, i.e., for per-
fectly sharp borders between the bonded and free-surface
regions, An and other coefficients tend �with increasing n� to
alternate in absolute value, not converging to zero but ap-
proaching a mean value of about 0.2 as n→ �N; however,

(b)

(a)

FIG. 2. �a� Plot for the symmetric mode of log��det�M��� versus

�̂ for k̂x=0.99. �b� Plot for the antisymmetric mode of log��det�M̃���
versus �̂ for fixed k̂x=0.85. The calculations are based on 	=0.3,
b /D=0.35, d /D=0.02, and N=47.
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large N is taken. That they do not converge to zero for large
N is attributable to the fact that for d that is less than the
discretization interval, the width of the smoothing interval is
effectively dictated by the value of D / �2N+1� and not by d.
As N is increased, the borders become sharper, and the num-
ber of Fourier terms that feature significantly in the represen-
tation of the field increases in proportion to N.

Figure 3 shows portion of the dispersion relation near the

Brillouin-zone boundary at k̂x=1, depicting interesting be-
havior of the IW and PIW there. The parameter values used
in the calculation are 	=0.3, b /D=0.16, d /D=0, and N
=47. The figure also shows the thresholds T0 and T−1, and
the n=0 L wave threshold L0, which are independent of the
value of b /D. The antisymmetrical field interfacial wave

IW�A� persists down to k̂x=0, approaching asymptotically
and degenerating with the T0 threshold at this lower limit.

For small b /D and away from k̂x=0 this mode takes on some
of the features of the Rayleigh surface wave for each surface.
This is supported by Fig. 4, which shows the variation of
V�=V /VT with b /D for the various IW exactly at the zone

boundary k̂x=1, where V=� /kx= �̂ / k̂x is the phase velocity
along the surface. The limiting velocity of IW�A� as b /D
→0 coincides with the Rayleigh surface wave velocity,
which for 	=0.3 is VR=0.9274VT.

The symmetrical field interfacial wave IW�S�, as Fig. 4
shows, exists only for b /D below a critical value, which is

0.4 for 	=0.3 and d=0, and slightly larger for small but
finite d. Even where it does exist, it does not persist down to
kx=0 but degenerates with the T0 threshold at a finite value

of k̂x, which for b /D=0.16 is 
0.7, as can be seen in Fig. 3.
The antisymmetrical pseudointerfacial wave PIW�A� lies

a little below the T−1 threshold. It penetrates through the T0

threshold and for a small range of k̂x close to the zone bound-
ary, it exists as a nonleaky proper interfacial wave IW�A��.

Above the T0 threshold it is able to absorb from and radiate
into the T wave continuum, and it exists as a resonance

rather than a true singularity. With decreasing k̂x, assuming
� /���2, which is the case for positive Poisson’s ratio 	,
this resonance becomes progressively narrower until at the

intersection of the line �̂=�2k̂x with PIW�A�, which corre-
sponds to the incidence of a bulk T wave at an angle of � /4

to the surface, det�M̃� vanishes identically, and PIW�A� ex-
ists at that point as a nonleaky secluded supersonic interfa-
cial wave �SSIW�.36 This isolated IW comes about at the
point where �2�2=2�kx

0�2, and hence, from Eq. �24� m̃=0,

requiring �according to Eqs. �20� and �21�� either that Ãn

=0 and B̃n=�n0, or that det�M̃�=0. This implies the total
decoupling of the interfacial wave from the bulk T wave
continuum, rendering this mode a nonleaking proper IW.37,38

At yet smaller values of k̂x, the SSIW reverts to being a PIW

resonance with growing width as k̂x is decreased. Eventually

it crosses the L0 threshold defined by �̂= �� /��k̂x, which is
accompanied by a further increase in the width of the reso-
nance, due to the fact that there is now �in addition� the L
wave continuum which the PIW is coupled into. It persists
down to the center of the Brillouin zone, narrowing down

again as k̂x→0, as will be discussed in Sec. V. The situation
is different if � /���2, which is the case when 	 is negative,

because now the L0 threshold lies below the line �̂=�2k̂x,
and so what would have been the SSIW, lies within the L
bulk wave continuum, to which it is coupled. In this case
PIW�A� remains a resonance throughout, and this SSIW does
not exist.

Figure 4, which is for 	=0.3 and k̂x=1, pertains to stand-
ing modes with finite phase velocities but zero group veloci-
ties. The modes IW�S� and IW�A� both approach the Ray-
leigh velocity VR=0.9274VT as b /D→0, i.e., as the bonded
regions are shrunk to points.39 In this limit they are both
superpositions of oppositely traveling Rayleigh surface
waves of wavelength �=2D. The superposition can be such

FIG. 3. Dispersion relation for the IW and PIW near the
Brillouin-zone boundary for 	=0.3, b /D=0.16, d /D=0, and N
=47. It shows also the thresholds T0, T−1, and L0, which are inde-

pendent of the value of b. IW�A� persists down to k̂x=0, approach-
ing asymptotically to the T0 threshold at this lower limit.

FIG. 4. Standing mode phase velocities at the zone boundary

k̂x=1 as a function of b /D for 	=0.3, d /D=0, and N=47.
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that it results in nodal points for ux or uz but not simulta-
neously for both components of displacement. Specifically,
in the case of IW�S�, the nodal points are for uz and occur at
positions pD ; p=0, �1, �2, . . ., i.e., at the points where
the two surfaces are joined. The ux and uz displacement com-
ponents for a Rayleigh wave, as is well known,25 are � /2 out
of phase, and so this places the antinodes for ux at the points
of connection, which is consistent with the boundary condi-
tions. In the case of IW�A�, the situation is reversed, with the
nodal points of ux occurring at the points pD, where the
surfaces are connected, while the antinodes for uz occur at
these points. The resonance frequency for these standing
modes is

f res = 2VR/D , �26�

which could range from a few hundred hertz for mining
stopes to many megahertz for submillimeter cracks.

As the value of b /D increases, these two standing modes
become constrained, since in effect the nodal points become
extended into nodal regions, and this shifts up their phase
velocities and lifts their degeneracy. IW�S� increases more
rapidly and ceases to exist at b /D
0.4, when its phase ve-
locity reaches VT. IW�A� persists for all values of b /D but
degenerates with T0 as b /D→1. IW�A�� also exists for all
b /D but with higher phase velocity than that of IW�A�
throughout, and it approaches T0 much earlier on. There is a
fourth guided mode, IW�S��, which is not present in Fig. 3
because it exists only for a small range of b /D near zero,
with its phase velocity being close to VT.

IV. ROLE OF PSEUDOINTERFACIAL WAVES
IN SCATTERING

Sharp features in the reflection and transmission coeffi-
cients for periodic arrays of cracks have been noted before in
the literature,3,5,7 and Danicki7 attributed them to leaky inter-
facial waves but the subject has not been previously explored
in any great depth. In this section we examine how these
resonant features come about. The pseudointerfacial wave
PIW�A� has a pronounced effect on the frequency depen-
dence of the transmission and reflection of bulk waves at the
interface, mainly brought about by the rapid variation of the

phase of Ã0 and B̃0 for antisymmetrically incident L and T
waves in the vicinity of this mode. Figures 5�a� and 5�b�
show, respectively, plots, as a function of �̂ /2, of the abso-
lute value of the reflection and transmission amplitude coef-

ficients �RT
T�= �B0+ B̃0� /2 and �TT

T�= �B0− B̃0� /2, respectively,
for a T wave incident from one direction on the interface at
an angle �=7� /24. They have been calculated by decompos-
ing this wave into symmetrically and antisymmetrically inci-
dent T waves, and the parameter values used are 	=0.3,
b /D=0.5, and d /D=0. The angle of incidence is below the
critical angle �c=arccos�� /�� for mode conversion to the
bulk n=0 L wave. The insets of Figs. 5�a� and 5�b� are
blowups of the region just beyond �̂ /2=0.6 where there is
rapid variation in the scattering. The sharp peak at 0.6215
corresponds to the T−1 threshold. Below this value both B0

and B̃0 are in magnitude unity, since there is only one out-

going channel on each side of the interface into which they
radiate, with the n=0 L modes being evanescent. The reflec-
tion and transmission amplitudes for the unidirectional T
wave vary in this spectral range solely because of the varia-
tion of the phases of B0 and B̃0, which is depicted in Fig.
5�c�. Well below the cutoff, the phase of B̃0, starting off at
−�, does not change much, while that of B0, starting off from
zero, increases steadily. The relative phase and its variation
explain why �RT

T� starts off at zero and increases steadily,
while �TT

T� starts off from unity and displays an increasing
downward trend. Then, in the vicinity of PIW�A� the phase
of B̃0 undergoes a rapid increase through approximately 2�,
and this causes �RT

T� to drop sharply to zero as the relative
phase passes through �, to rise rapidly to unity as the relative
phase passes through zero, and then level off, while �TT

T� un-
dergoes similar sharp swings between the same two extremes
but in the reverse order.

For comparison, Figs. 5�d� and 5�e� show, respectively,
plots, as a function of �̂ /2, of the absolute value of the
reflection and transmission coefficients for unidirectional T
wave incident on the interface at the slightly smaller angle
�=� /4, which is the condition for the perfect decoupling of
the PIW from the n=−1 T bulk wave continuum and the
existence of the SSIW. These curves are indistinguishable
from results obtained by Mikata5 for the same values of the
parameters ��̂ /2 and b correspond, respectively, to the pa-
rameters DkT /2� and D−2a�. These curves are similar to the
plots in Figs. 5�a� and 5�b� over most of the spectral range
except in the vicinity of the PIW resonance, which is totally
absent for �=� /4 because of the decoupling of PIW�A� from
the continuum. It requires just the slightest deviation of the
angle of incidence from �=� /4 to restore the PIW feature,
initially as an extremely sharp resonance, and then broaden-
ing as the deviation of � from � /4 increases.

Conservation of energy requires that the sum of the en-
ergy fluxes normal to the interface for all the outgoing ho-
mogeneous waves equals the energy flux normal to the inter-
face for the incident wave. Right up to the T−1 threshold
there are only the n=0 T reflection and transmission chan-
nels to radiate into, which requires therefore that �RT

T�2
+ �TT

T�2=1. This condition is satisfied precisely by the scatter-
ing amplitudes portrayed in Fig. 5, providing a check on the
validity of the method of this paper. Beyond the T−1 thresh-
old, there is also the n=−1 T channel which to radiate into,
and it has been verified here again that energy conservation
is satisfied when that additional wave is included in the cal-
culation and account is taken of the relevant angles. The
sharp features at 0.874 in Figs. 5�a� and 5�b�, and 0.805 in
Figs. 5�d� and 5�e� occur at the L−1 threshold, beyond which
the n=−1 L mode provides a further bulk wave radiation
channel.

The PIW�A� also features, although not quite as promi-
nently, in the transmission and reflection of L waves. Figure
6 shows the L wave reflection coefficient �RL

L� for a unidirec-
tional L wave incident on the interface at an angle �=� /4,
as a function of frequency in the spectral region of the
PIW�A� and T−1. The two curves correspond to different
values of b /D but with the same 	=0.3 and d /D=0. The
curve for b /D=0.5 coincides in this spectral region
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(b)

(a)

(c)

(d)

(e)

FIG. 5. �a� Reflection �RT
T� and �b� transmission �TT

T� amplitudes for T wave incidence at angle �=7� /24, with the parameter values being
	=0.3, b /D=0.5, and d /D=0. The sharp peak at 0.6215 in the inset of �a� corresponds to the T−1 threshold, and the sharp resonance at about

0.6145, where �RT
T� and �TT

T� swing between 0 and 1 is the PIW�a�. �c� Shows the phase variation of B0 and B̃0, which accounts for this
behavior. �d� T wave reflection and �e� transmission for T wave incidence at angle �=� /4. The PIW�A� resonance is absent from these latter
curves.

A. G. EVERY PHYSICAL REVIEW B 78, 174104 �2008�

174104-8



0.65��̂ /2�0.75, with Fig. 3 of Mikata,5 which was calcu-
lated for the equivalent parameter values. The sharp peaks in
the two curves at �̂ /2=0.726 occurs at the T−1 threshold, and
the more rounded feature of a dip followed by a rapid rise is
associated with the PIW�A�. With increasing value of b /D,
i.e., greater degree of connection between the two solids, the
interface is effectively stiffer,27 and the overall reflectivity
decreases, and the PIW�A� feature sharpens up and ap-
proaches the T−1 threshold, degenerating with it as b /D→1.

V. ZONE CENTER INTERFACIAL WAVES

Sections III and IV dealt with interfacial waves having
wave vectors near the Brillouin-zone edge. There is also a
system of interfacial waves near the zone center, which have

a pronounced effect on the transmission and reflection of L
and T waves at normal or near normal incidence. Danicki7

drew attention to sharp resonances that occur in this situa-
tion, and in this section the dispersion relation for the IW that
gives rise to these resonances is explored. For normal inci-
dence and at frequencies below T�1, i.e., the point where the
T−1 and T+1 thresholds intersect, there is no mode conversion
between bulk L and T waves, and symmetric and antisym-
metric mode features reveal themselves to be disentangled.
Figure 7�a� pertains to an interface with 	=0.3, b /D=0.03,
and d /D=0, and shows the variation of the T wave reflection
amplitude in the spectral region near T�1 for normal inci-
dence ��=� /2� and incidence at a slight angle to normal
��=� /2.03�. For normal incidence and below T�1, �B0� and
�B̃0� are both unity, and the sharp dip to zero of �RT

T� at �̂ /2
=0.956 is due to the phase of �B̃0� undergoing a swing
through 2�. This phenomenon is associated with a PIW, la-
beled as PIW�A��, which �even at k̂x=0� is a resonance of
finite width. At k̂x=0, M̃ also possesses a true singularity
associated with a secluded SSIW at �̂ /2=0.928. When k̂x
deviates from zero, this mode becomes a PIW, labeled as
PIW�A�, allowing it to couple to T waves at non-normal
incidence. This accounts for the narrow dip in the reflectivity
at �̂ /2=0.918 for incidence at �=� /2.03.

Figure 7�b� reveals similar effects for L wave incidence,
where it is the symmetric IW that are coupled to. It shows
the L wave reflectivity �RL

L� in the same spectral region and
values of the other parameters. For �=� /2, the sharp dip to
zero at �̂ /2=0.983 is associated with a symmetric IW la-

beled PIW�S�� which �even at k̂x=0� is a resonance with

finite width. At k̂x=0, M also possesses a true singularity

associated with a secluded SSIW at �̂ /2=0.928. When k̂x
deviates from zero, this mode becomes a PIW, labeled as
PIW�S�, and this accounts for the narrow dip in the reflec-
tivity at �̂ /2=0.926 for incidence at �=� /2.03.

Figure 8 shows portion of the dispersion relation for the
above-mentioned PIW and the thresholds T−1 and T+1 for

FIG. 6. L wave reflection amplitude �RL
L� for incidence angle �

=� /4, 	=0.3, and d /D=0, and two different values of b /D, re-
stricted to the spectral region where the PIW�A� �the broad feature�
and the T−1 threshold �the sharp feature� occur.

(b)(a)

FIG. 7. Reflectivity for normal and near normal incidence in spectral region of PIW for 	=0.3, b /D=0.03, and d /D=0. �a� �RT
T� and �b�

�RL
L�.
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	=0.3, b /D=0.16, and d /D=0. The modes PIW�S� and

PIW�A� start off at k̂x=0 as SSIW, and with increasing k̂x
both curve downwards, becoming progressively broader PIW

resonances as they do so. Much beyond k̂x=0.1, PIW�S�
overlaps with T−1 and becomes difficult to follow. PIW�A�
remains below T−1 and eventually toward the zone boundary
becomes the mode identified as PIW�A� in Fig. 3.

Figure 9 shows the variation with b /D of V� for the vari-
ous IW, where V= � �

2�/D � is the effective phase velocity from

taking k̂x to be at the center of the second Brillouin zone. The
limiting value of V� for both PIW�A� and PIW�S� as b /D
→0 is 0.9274, which identifies these modes as standing Ray-
leigh waves of wavelength �=D, and with nodal points for
ux or uz at the points where the two solids are joined. With
increasing b /D, and hence, greater constraint, V� for both of
these modes increases. PIW�S� meets T�1 at b /D=0.35 and
ceases to exist beyond that point, while PIW�A� degenerates
with T�1 as b /D→1. PIW�A�� and PIW�S�� start off by
showing an upward trend, but have broader features, which
are more difficult to follow as they approach and overlap
T�1.

VI. DISCUSSION

The numerical method used in this paper has been tested
for values of N up to 67, and it is found to be numerically
stable throughout this range and seemingly convergent with
increasing N. This is no guarantee, of course, that the method
is convergent in the strict mathematical sense. It may be that
it is asymptotically divergent but nevertheless an accurate
approximation for the larger values of N in the range we

have considered. This notion was put forward by Maradudin
and Zierau,40 for instance, as a justification for their numeri-
cal treatment of surface waves at large amplitude sinusoi-
dally corrugated surfaces. To be sure, by employing
smoothly varying boundary conditions, the difficult and �to a
large extent� unphysical singular behavior of the strain field
often predicted by linear elasticity for the neighborhood of
discontinuities in the boundary conditions has been
avoided.18 The method of the present paper is able to accu-
rately reproduce the extensive set of transmission and reflec-
tion curves calculated by Mikata,5 using a very different
method, and this further supports its validity. Checks have
also been carried out to confirm that energy conservation is
satisfied by the bulk wave amplitudes emerging from the
calculations.

The main findings of this paper pertain to the existence of
a rich system of leaky and nonleaky interfacial waves at a
periodic arrangement of thin coplanar cavities in a solid and
to the striking influence of the pseudointerfacial waves on
bulk wave scattering. The relationship of the interfacial
waves to standing Rayleigh waves with wave vectors near
the center and boundary of the first Brillouin zone has been
explored.
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FIG. 9. Standing mode phase velocities at the zone center k̂x

=0 as a function of b /D for 	=0.3 and d /D=0.
FIG. 8. Dispersion relation for the PIW near the Brillouin-zone

center for 	=0.3, b /D=0.16, and d /D=0. It shows also the thresh-
olds T+1 and T−1, which are independent of the value of b.
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